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Úvod
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Nevlastńı integrál

2 / 17
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Označeńı: F (x) obsah obrazce pod grafem funkce f na intervalu od a do x
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∆x př́ır̊ustek nezávisle proměnné
f∗(x,∆x) = max {f(s) : x ≤ s ≤ x+∆x}
f∗(x,∆x) = min {f(s) : x ≤ s ≤ x+∆x}

Plat́ı: lim
∆x→0

f∗(x,∆x) = lim
∆x→0

f∗(x,∆x) = f(x)

Dále: F (x) + f∗(x,∆x)∆x ≤ F (x+∆x) ≤ F (x) + f∗(x,∆x)∆x

f∗(x,∆x) ≤ F (x+∆x)− F (x)

∆x
≤ f∗(x,∆x) | lim

∆x→0

f(x) ≤ F ′(x) ≤ f(x)

Odtud: F ′(x) = f(x)
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Neurčitý integrál
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Funkce F je primitivńı k funkci f na intervalu 〈a, b〉, je-li na tomto intervalu spojitá a
pro každé x ∈ (a, b) plat́ı
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Funkce F je primitivńı k funkci f na intervalu 〈a, b〉, je-li na tomto intervalu spojitá a
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Alternativńı názvy: Funkce F je neurčitý integrál z funkce f .
Funkce F je antiderivace k funkci f .
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pro každé x ∈ (a, b) plat́ı

F ′(x) = f(x).

Vlastnosti primitivńı funkce:
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Primitivńı funkce a jej́ı vlastnosti

5 / 17
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• Primitivńı funkce je lineárńı:
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)
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6 / 17

∫

x
adx =

xa+1

a+ 1
pro a 6= −1

∫

1

(cosx)2
dx = tg x

∫

1

x
dx = ln |x|

∫

1

(sinx)2
dx = − cotg x

∫

exdx = ex

∫

a
xdx =

ax

ln a
∫

lnxdx = x(lnx− 1)

∫

sinxdx = − cosx

∫

cosxdx = sinx



”
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6 / 17
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6 / 17
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Použit́ı vzorce:



Substitučńı metoda
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[

F
(

ϕ(t)
)]′

=
d

dt
F
(

ϕ(t)
)

= f
(

ϕ(t)
)

ϕ′(t)

Odtud:

∫

f
(

ϕ(t)
)

ϕ′(t)dt = F
(

ϕ(t)
)
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Substitučńı metoda

7 / 17

F ′ = f , F =
∫

f

Derivace složené funkce:
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(

u(x)v(x)
)′

= u′(x)v(x) + u(x)v′(x),

odtud
u(x)v′(x) =

(

u(x)v(x)
)′ − u′(x)v(x),

tedy
∫

u(x)v′(x)dx = u(x)v(x)−
∫

u′(x)v(x)dx



Integrace
”
per partes“

8 / 17

∫

u(x)v′(x)dx = u(x)v(x)−
∫

u′(x)v(x)dx
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Př́ıklady

9 / 17

∫

x2
√
x

x5
dx =

∫

x2+ 1

2
−5dx =

∫

x− 5

2 dx =
x− 3

2

− 3
2

= − 2
3

1√
x3

∫
(

7ex − 6

x

)

dx = 7ex − 6 ln |x|= 7ex − lnx6
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Př́ıklady

9 / 17

∫

x2
√
x

x5
dx =

∫

x2+ 1

2
−5dx =

∫

x− 5

2 dx =
x− 3

2

− 3
2

= − 2
3

1√
x3

∫
(

7ex − 6

x

)

dx = 7ex − 6 ln |x|= 7ex − lnx6

∫

(cotg x)2 dx =

∫

(cosx

sin x

)2

dx =

∫

1− (sinx)2

(sinx)2
dx =

∫
(

1

(sinx)2
− 1

)

dx =

= − cotg x− x
∫

x2

√
1− x2

dx
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Př́ıklady

9 / 17

∫

x3exdx = x3ex − 3

∫

x2exdx = x3ex − 3

(

x2ex − 2

∫

xexdx

)

=

= x3ex − 3x2ex + 6

∫

xexdx = x3ex − 3x2ex + 6 (xex − ex) =

=
(

x3 − 3x2 + 6x− 6
)

ex

∫

x2 lnx dx = 1
3x

3 lnx− 1
3

∫

x2dx = 1
3x

3 lnx− 1
9x

3 = 1
9x

3
(

lnx3 − 1
)

u = lnx u′ =
1

x
v′ = x2 v = 1

3x
3
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Př́ıklady

9 / 17

∫

x3exdx = x3ex − 3

∫

x2exdx = x3ex − 3

(

x2ex − 2

∫

xexdx

)

=

= x3ex − 3x2ex + 6

∫

xexdx = x3ex − 3x2ex + 6 (xex − ex) =

=
(

x3 − 3x2 + 6x− 6
)

ex

∫

x2 lnx dx = 1
3x

3 lnx− 1
3

∫

x2dx = 1
3x

3 lnx− 1
9x

3 = 1
9x

3
(

lnx3 − 1
)

I =

∫

sin lnx dx = x sin lnx−
∫

cos lnx dx

u = sin lnx u′ =
1

x
cos lnx

v′ = 1 v = x
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funkce f definované na intervalu 〈a, b〉.

n ∈ N, polož́ıme ∆x =
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Křivka je grafem spojité funkce na intervalu 〈a, b〉.

ℓ =

b
∫

a

√

1 + (f ′(x))2dx
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Křivka je grafem spojité funkce na intervalu 〈a, b〉.

ℓ =

b
∫

a

√

1 + (f ′(x))2dx
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S(xi)∆x.
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Objem tělesa (exhaustivńı metoda)
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14 / 17

x
ha

R
r

̺

V = π

b
∫

0

(

f(x)
)2
dx
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Funkce f spojitá na intervalu 〈a,∞):

∞
∫

a

f(x)dx = lim
b→∞

b
∫

a

f(x)dx,

pokud tato limita existuje a je vlastńı.
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Př́ıklady:



Integrál na neomezeném intervalu

16 / 17
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Př́ıklady:
∞
∫

1

1

x
dx

lim
b→∞

b
∫

1

1

x
dx = lim

b→∞
[lnx]b1 = lim

b→∞
ln b = ∞



Integrál na neomezeném intervalu

16 / 17
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17 / 17
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17 / 17
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17 / 17
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