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(

x0, f(x0)
)

y

xx0

y0 = f(x0)

f(x0 + h)

x0 + h
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3 / 16

Základńı úloha diferenciálńıho počtu:
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f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
.

Alternativńı označeńı:
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f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

f ′(x0) = lim
∆x0→0

∆f(x0)

∆x0
= lim

∆x0→0

∆y0

∆x0
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3 / 16

Derivace funkce f v bodě x0 je
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3 / 16

Derivace funkce f v bodě x0 je
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f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

f ′(x0) = lim
∆x0→0

∆f(x0)

∆x0
= lim

∆x0→0

∆y0

∆x0

Poznámky:

• Funkce má v bodě nejvýše jednu derivaci.
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=
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=
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• f(x) = c: f ′(x) = 0

• f(x) = xn:

f
′(x) = lim

h→0

(x+ h)n − xn

h
=

= lim
h→0

xn + nxn−1h+ n(n−1)
2

xn−2h2 + · · ·+ nxhn−1 + hn − xn

h
=

= lim
h→0

nxn−1h+ n(n−1)
2

xn−2h2 + · · ·+ nxhn−1 + hn

h
=

= lim
h→0

(

nx
n−1 +

n(n− 1)

2
x
n−2

h+ · · ·+ nxh
n−2 + h

n−1

)

= nx
n−1
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• f(x) = sinx:
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h→0

sin(x+ h)− sinx

h
= lim

h→0

sinx cosh+ cosx sinh− sinx

h
=

= cosx lim
h→0

sinh

h
+ sinx lim

h→0

cosh− 1

h
= cos x+ sinx lim

h→0

−2
(

sin 1
2
h
)2

h
=

= cosx− sinx lim
h→0

(

sin 1
2
h

1
2
h

)2

lim
h→0

1

2
h = cosx− sinx · 1 · 0 = cosx
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2
)
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(x+ π

2
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2
) = − sinx
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6 / 16

• f(x) = c: f ′(x) = 0

• f(x) = xn: f ′(x) = nxn−1

• f(x) = ex: f ′(x) = ex

• f(x) = lnx: f ′(x) =
1

x

• f(x) = ax: f ′(x) = ax ln a

• f(x) = loga x: f ′(x) =
1

x ln a

• f(x) = xa: f ′(x) = axa−1

• f(x) = sinx: f ′(x) = cosx

• f(x) = cosx: f ′(x) = − sinx



Derivace elementárńıch funkćı
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=

(cosx)2 + (sinx)2

(cosx)2
=

1

(cosx)2
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6 / 16

• f(x) = c: f ′(x) = 0

• f(x) = xn: f ′(x) = nxn−1

• f(x) = ex: f ′(x) = ex

• f(x) = lnx: f ′(x) =
1

x

• f(x) = ax: f ′(x) = ax ln a

• f(x) = loga x: f ′(x) =
1

x ln a

• f(x) = xa: f ′(x) = axa−1

• f(x) = sinx: f ′(x) = cosx

• f(x) = cosx: f ′(x) = − sinx

• f(x) = tg x: f ′(x) =
1

(cosx)2



Derivace elementárńıch funkćı
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f(x) = arcsinx

sin f(x) = x | ′

f
′(x) cos f(x) = 1

f
′(x) =

1

cos f(x)
=

1
√

1− (sin f(x))2
=

1√
1− x2
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tg f(x) = x | ′

f
′(x)

1
(

cos f(x)
)2 = 1

f
′(x) =

(

cos f(x)
)2

=

(

1√
1 + x2

)2

=
1

1 + x2

x

1

√
1 + x2

f(x) ·
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2
√
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x±
√
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)√
1 + x2
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Př́ıklady

7 / 16

(6x3 − 2x2 + 3x− 5)′ = 6 · 3x2 − 2 · 2x+ 3x0 − 0= 18x2 − 4x+ 3

(

3(x2 − 2x+ 1)− 5 lnx+ 2
√
x
)′

= 3(2x− 2)− 5
1

x
+ 2 1

2
x− 1

2 = 6x− 6− 5

x
+

√
x

x

(

3x5 − 6(1− 3x)4
)′

= 15x4 − 24(1− 3x)3(−3)= 15x4 + 72(1− 3x)3

(

3x− 2

x3 − 8

)′
=

3(x3 − 8)− (3x− 2)3x2

(x3 − 8)2
=

3x3 − 24− 9x3 + 6x2

(x3 − 8)2
=

−6x3 + 6x2 − 24

x6 − 16x3 + 64

(

ln
x2 − 1

x2 + 1

)′
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dy
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.
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Užit́ı diferenciálu

10 / 16

f(x) ≈ f(x0) + df(x0) = f(x0) + f ′(x0)∆x = f(x0) + f ′(x0)(x− x0)
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Užit́ı diferenciálu

10 / 16

f(x) ≈ f(x0) + df(x0) = f(x0) + f ′(x0)∆x = f(x0) + f ′(x0)(x− x0)
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√
2.

f(x) = x
1
3 , f ′(x) = 1

3x
− 2

3 = 1
3

(

1
3
√
x

)2

, 3
√
2 = f(2),

x0 =
(

5
4

)3
= 125

64 , f(x0) =
5
4 , f

′(x0) =
1
3

(

4
5

)2
= 16

75 , ∆x = 2− 125
64 = 3

64 ,

3
√
2 = f(2) ≈ 5

4 + 16
75

3
64 = 126

100 = 1,26
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y − y0 = q(x− x0).
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3
4 ).



Konstrukce tečen
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(

x0, f(x0)
)
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Přitom požadujeme f(x0) = T2(x0), f
′(x0) = T ′

2(x0), f
′′(x0) = T ′′

2 (x0), tj.

ax2
0 + b x0 +c= f(x0)

2ax0 + b = f ′(x0)
2a = f ′′(x0)



Aproximace funkćı
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y = T2(x) = f(x0) + f ′(x0)(x− x0) +
1
2f

′′(x0)(x− x0)
2
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Taylor̊uv polynom

14 / 16

f(x) ≈ f(0) + f ′(0)x+
1

2
f ′′(0)x2 +

1

6
f ′′(0)x3 + · · ·+ 1

n!
f (n)(0)xn

McLaurin̊uv polynom stupně n
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Je-li f(x0) = 0 = g(x0) a f(x) 6= 0 6= g(x) na ryźım okoĺı bodu x0, pak

f(x)

g(x)
=

f(x)− f(x0)

g(x)− g(x0)
=

f(x)− f(x0)

x− x0

x− x0

g(x)− g(x0)
,

tedy lim
x→x0

f(x)

g(x)
= lim

x→x0

f ′(x)

g′(x)
.
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Pr̊uběh funkce

16 / 16
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Funkce f v bodě x klesá: existuje okoĺı bodu x, na kterém je funkce f klesaj́ıćı.
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Funkce f v bodě x klesá: existuje okoĺı bodu x, na kterém je funkce f klesaj́ıćı.
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f(x) = f(x0) + f ′(x0)(x− x0) +
1
2f

′′(x0)(x− x0)
2 +R,
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”
zanedbatelně malé“. Hodnoty f(x0) + f ′(x0)(x− x0) lež́ı na tečně ke

grafu funkce f v bodě
(

x0, f(x0)
)

. Pokud f ′′(x0) > 0, tak hodnoty f(x) lež́ı nad
touto tečnou, pokud f ′′(x0) < 0, tak pod ńı.
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f ′′(x) < 0 ⇒ f je v bodě x konkávńı (
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Vyšeťrováńı pr̊uběhu funkce f :

1. Urč́ıme D(f), sudost/lichost, periodičnost, hodnotu f(0) (pr̊useč́ık grafu s osou y).

2. Najdeme nulové body funkce f a intervaly, na nichž je funkce kladná a záporná.

3. Najdeme nulové body prvńı derivace f ′ a body, v nichž f ′ neńı definována. Najdeme
intervaly, na kterých je funkce f rostoućı a na kterých je klesaj́ıćı.

4. Najdeme body lokálńıch extrémů, tj. body, v nichž se funkce měńı z rostoućı na klesaj́ıćı
(lokálńı maxima), a body, v nichž se měńı z klesaj́ıćı na rostoućı (lokálńı minima).

5. Najdeme nulové body druhé derivace f ′′ a body, vnichž f ′′ neńı definována. Najdeme
intervaly, na kterých je funkce f konvexńı a na kterých je konkávńı.

6. Najdeme inflexńı body s p̌ŕıslušnými funkčńımi hodnotami a hodnotou derivace
(směrnici tečny v inflexńım bodě).

7. Urč́ıme limity v nevlastńıch bodech.

8. Urč́ıme chováńı funkce v okoĺı bod̊u, které
”
lež́ı na kraji“ D(f).

9. Nakresĺıme graf funkce f
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Př́ıklady: Vyšeťrete pr̊uběh funkce f(x) =
x
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.
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Pr̊uběh funkce

16 / 16
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Pr̊uběh funkce

16 / 16
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Pr̊uběh funkce

16 / 16
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”
Aplikace“: Máme směs O2 a NO. Prob́ıhá oxidace

2NO+O2 → 2NO2

Reakčńı rychlost je dána vztahem v = k[NO]2[O2], kde k je kladná konstanta a [X]
označuje koncentraci látky X, tj. pod́ıl objemu látky X v celkovém objemu.
Při jaké koncentraci O2 je oxidace nejrychleǰśı?
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Reakčńı rychlost je dána vztahem v = k[NO]2[O2], kde k je kladná konstanta a [X]
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− 2(1− x)x+ (1− x)2
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= k(1− x)(1− 3x),
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= 0, x = 1 nebo x = 1
3
,

> 0, 0 < x < 1
3
,

< 0. 1
3
< x < 1
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označuje koncentraci látky X, tj. pod́ıl objemu látky X v celkovém objemu.
Při jaké koncentraci O2 je oxidace nejrychleǰśı?

Označeńı: x = [O2]. Pak [NO] = 1− x. v = v(x) = k(1− x)2x, D(v) = 〈0, 1〉

dv

dx
= k

(

− 2(1− x)x+ (1− x)2
)

= k(1− x)(1− 3x),
dv

dx











= 0, x = 1 nebo x = 1
3
,

> 0, 0 < x < 1
3
,

< 0. 1
3
< x < 1y

x

k

11
3



Pr̊uběh funkce

16 / 16

”
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(
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= 0, x = 1 nebo x = 1
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,

> 0, 0 < x < 1
3
,
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3
< x < 1

Závěr: Funkce v(x) má maximum v bodě x = 1
3
, hodnota maxima je v( 1

3
) = k(1− 1

3
)2 1

3
.

Tj. nejvěťśı rychlost oxidace vmax je p̌ri koncentraci [O2] =
1
3
, vmax = v( 1

3
) = 4

27
k.


	Derivace
	Derivace funkce v bode
	Operace s derivacemi
	Derivace jako funkce
	Derivace elementárních funkcí
	Príklady

	Diferenciál
	Pojem diferenciálu
	Užití diferenciálu

	Užití derivací
	Konstrukce tecen
	Aproximace funkcí
	Tayloruv polynom
	Limity neurcitých výrazu
	Prubeh funkce


