Tutorial 9—Global Analysis

30.12.2021

1. Suppose M is a manifold and D; : Q¥(M) — QF"i(M) fori = 1,2 a graded
derivation of degree r; of (Q2(M), A).

(a) Show that
[1)17 Dg] = Dl o) DQ — (—1)T1r2D2 o) Dl

is a graded derivation of degree 1 + 7.

(b) Suppose D is a graded derivation of (Q(M), A). Letw € Q%(M) be a differen-
tial form and U C M an open subset. Show that w|; = 0 implies D(w)|y = 0.

Hint: Think about writing 0 as fw for some smooth function f and use the
defining properties of a graded derivation.

(c) Suppose D and D are two graded derivations such that D(f) = D(f) and
D(df) = D(df) forall f € C>°(M,R). Show that D = D.

2. Suppose M is a manifold and &, n € I'(T'M) vector fields.
(a) Show that the insertion operator i¢ : Q%(M) — QF"1(M) is a graded deriva-
tion of degree —1 of (2(M), A).

(b) Recall from class that [d, d] = 0. Verify (the remaining) graded-commutator
relations between d, Ly, i

(i) [d, ,Cg] = 0.

(i) [d,ig] =doic+icod= Le.
(i) [Le, L] = *C[ﬁ n

(iv) [Le,iy] = En]

V) lig,in] =

Hint: Use (c) from 2.

3. Prove the Poincaré Lemma: Suppose w € QF(R") is a closed k-form, where k > 1.
Show that there exists 7 € Q*~1(R") such that dT = w.

Hint:

Consider the vector field ¢ € I'(R") on R" given by {(z) = = € T,R" = R" and
let o : R x R™ — R"™ be the smooth map «(t,x) = ay(z) = tx. Then the flow of £
is given by FIS = a(e!, z).



e Show that (a;jicw)(x) is smooth in (¢, z) for all ¢ € R and 2 € R". Hence,
t— %a}figw is a smooth family of (k — 1)-forms on R™.

o Show that 4ajw = d(Laficw) and that w = dr, where 7 = [ LaZigwdt €
Qk_l(Rn),

4. Show that n-dimensional projective space RP" is orientable <= 7 is odd.

5. Suppose (M, g) C (R™™, geye = (-, -)) is a hypersurface. Show that M is orientable
if and only if it admits a global unit normal vector field.



