
Lineárńı algebra

M1030 Matematika pro biology

31. 10. 2024



Determinanty

Determinanty
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Determinant čtvercové matice řádu n
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O jednoznačné řešitelnosti dané soustavy rovnic tedy rozhoduje

det

(

aj − cg bj − ch

dj − fg ej − fh

)

=

= aej2 − ajfh− cgej + cgfh− (bj2d− bjfg − chdj + chfg) =

= j(aej + bfg + cdh − ceg − afh − bdj)
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složky řešeńı jsou dány výrazy
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neznámých

5 / 15

2x+3y+ z =1
x+2y+ z =−1
x+ y− z =4

∣

∣

∣

∣

∣

∣

2 3 1
1 2 1
1 1 −1

∣

∣

∣

∣

∣

∣

= −4 + 3 + 1− (2 + 2− 3) = −1 6= 0

∣

∣

∣

∣

∣

∣

1 3 1
−1 2 1
4 1 −1

∣

∣

∣

∣

∣

∣

= −2+12− 1− (8+1+3) = −3,

∣

∣

∣

∣

∣

∣

2 1 1
1 −1 1
1 4 −1

∣

∣

∣

∣

∣

∣

= 2+1+4− (−1+8− 1) = 1,

∣

∣

∣

∣

∣

∣

2 3 1
1 2 −1
1 1 4

∣

∣

∣

∣

∣

∣

= 16− 3 + 1− (2− 2 + 12) = 2.

x = 3, y = −1, z = −2



Determinant čtvercové matice řádu n
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∣
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∣
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kde A1j označuje matici, která vznikne z matice A vynecháńım prvńıho řádku a j tého
sloupce.
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|A| = a11|A11| − a12|A12|+ a13|A13|+ · · ·+ (−1)n+1|A1n|

kde A1j označuje matici, která vznikne z matice A vynecháńım prvńıho řádku a j tého
sloupce.

Obecněji: Determinant čtvercové matice A řádu n je č́ıslo

|A| =
n
∑

j=1

(−1)i+jaij |Aij| =
n
∑

i=1

(−1)i+jaij |Aij|

kde Aij označuje matici, která vznikne z matice A vynecháńım i-tého řádku a j tého
sloupce.
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6 / 15

Př́ıklad:

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 0
2 −1 1 1
1 2 1 2
1 3 3 −1

∣

∣

∣

∣

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

∣

−1 1 1
2 1 2
3 3 −1

∣

∣

∣

∣

∣

∣

− 2

∣

∣

∣

∣

∣

∣

2 1 1
1 1 2
1 3 −1

∣

∣

∣

∣

∣

∣

+ 3

∣

∣

∣

∣

∣

∣

2 −1 1
1 2 2
1 3 −1

∣

∣

∣

∣

∣

∣

=

= 1 + 6 + 6 − (3 − 6 − 2) − 2[−2 + 2 + 3 − (1 + 12 − 1)] + 3[−4 − 2 + 3 − (2 + 12 + 1)] = −18



Řešeńı soustav rovnic – Cramerovo

pravidlo

Determinanty

Řešeńı soustav rovnic – Cramerovo pravidlo

Soustava n rovnic o n neznámých

Regulárńı matice

Aplikace – maticové populačńı modely
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Ax = b

Pokud |A| 6= 0, pak soustava rovnic má jediné řešeńı, jehož složky jsou dány rovnostmi

xi =
1

|A|

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 . . . a1,i−1 b1 a1,i+1 . . . a1n
a21 a22 . . . a2,i−1 b2 a2,i+1 . . . a2n
...

...
. . .

...
...

...
. . .

...
an1 an2 . . . an,i−1 bn an,i+1 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

, i = 1, 2, . . . , n
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x1 +2x2 + x3 +2x4 = −1
x1 +3x2 +3x3 − x4 = 5
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Regulárńı matice

Determinanty

Řešeńı soustav rovnic – Cramerovo pravidlo

Regulárńı matice

Inverzńı matice

Definice a vlastnosti

Aplikace – maticové populačńı modely
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AA−1 = A−1A = E
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Inverzńı matice

10 / 15
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Výpočet: X = A−1
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j-tý sloupec matic:
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To je soustava n rovnic o n neznámých. Je jednoznačně řešitelná, pokud h(A) = n.
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To je soustava n rovnic o n neznámých. Je jednoznačně řešitelná, pokud h(A) = n.
Inverzńı matici najdeme řešeńım n soustav n lineárńıch rovnic o n neznámých.
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Inverzńı matice

10 / 15
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∼

∼
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(
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Obecně plat́ı:
(

a b

c d

)

−1

=
1

ad− bc

(

d −b

−c a

)
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Př́ıklady: B =





−3 3 4
4 1 −6
6 5 −9









−3 3 4 1 0 0
4 1 −6 0 1 0
6 5 −9 0 0 1



 ∼





3 −3 −4 −1 0 0
0 15 −2 4 3 0
0 11 −1 2 0 1



 ∼

∼





3 −3 −4 −1 0 0
0 15 −2 4 3 0
0 0 7 −14 −33 15



 ∼





3 −33 0 −9 −6 0
0 105 0 0 −45 30
0 0 7 −14 −33 15



 ∼

∼





1 −11 0 −3 −2 0
0 21 0 0 −9 6
0 0 7 −14 −33 15



 ∼





1 −11 0 −3 −2 0
0 7 0 0 −3 2
0 0 7 −14 −33 15



 ∼

∼





7 0 0 −21 −47 22
0 7 0 0 −3 2
0 0 7 −14 −33 15





B−1 =
1

7





−21 −47 22
0 −3 2

−14 −33 15
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Ekvivalentně: pokud |A| 6= 0.



Definice a vlastnosti

11 / 15
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Čtvercová matice A řádu n je regulárńı, pokud h(A) = n.
Ekvivalentně: pokud |A| 6= 0.

Je-li matice A regulárńı, pak k ńı existuje matice inverzńı.

Vlastnosti násobeńı regulárńıch matic:

(AB)C = A(BC) asociativita

AE = EA = A existuje neutrálńı prvek

AA−1 = E ke každé regulárńı matici existuje inverzńı prvek

Regulárńı matice spolu s operaćı násobeńı tvǒŕı grupu.



Aplikace – maticové populačńı

modely

Determinanty

Řešeńı soustav rovnic – Cramerovo pravidlo

Regulárńı matice

Aplikace – maticové populačńı modely

Leslieho populace

Populace strukturovaná podle stádíı

Obecná strukturovaná populace
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Patrick Holt Leslie (1900–1972)
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x1(t+ 1)= f1x1(t) + f2x2(t) + · · ·+ fkxk(t)

xi+1(t+ 1)= pixi(t), i = 1, 2, . . . , k − 1



Leslieho populace

13 / 15
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x1(t+ 1)
x2(t+ 1)
x3(t+ 1)

...
xk−1(t+ 1)
xk(t+ 1)



















=



















f1 f2 f3 . . . fk−1 fk
p1 0 0 . . . 0 0
0 p2 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 0
0 0 0 . . . pk−1 0
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x(t+ 1) = Ax(t)
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Leonard Lefkowitch (1929–2010)
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Obojživelńıci: vaj́ıčko – pulec – dospělý jedinec

Hmyz: vaj́ıčko – larva – kukla – imago
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k – počet stádíı
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”
novorozenci“)

qi – pod́ıl jedinc̊u stadia i, ktěŕı přežij́ı obdob́ı a neproměńı se; 0 < qi < 1
pi – pod́ıl jedinc̊u stadia i, ktěŕı se během obdob́ı přeměńı na stadium i+ 1;

0 < pi ≤ 1,
pi + qi ≤ 1, i = 1, 2, . . . , k

fi – očekávaný počet
”
novorozenc̊u“, které vyprodukuje jedinec stadia i > 1; fi ≥ 0
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xi(t) – počet jedinc̊u stadia i v čase t (i = 1 –
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novorozenc̊u“, které vyprodukuje jedinec stadia i > 1; fi ≥ 0

x1(t+ 1) =

k
∑

j=2

fjxj(t), xi(t+ 1) = qixi(t) + pixi−1(t), i = 2, 3, . . . , k



Populace strukturovaná podle stádíı

14 / 15
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x1(t+ 1)
x2(t+ 1)
x3(t+ 1)

..

.
xk(t+ 1)
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q1 f2 . . . fk−1 fk
p1 q3 . . . 0 0
0 p2 . . . 0 0
..
.

..

.
. . .

..

.
..
.

0 0 . . . pk−1 qk





























x1(t)
x2(t)
x3(t)

..

.
xk(t)

















Populace strukturovaná podle stádíı
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Př́ıklad: Populace Dipsacus sylvestris
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x1(t+ 1)
x2(t+ 1)
x3(t+ 1)
x4(t+ 1)
x5(t+ 1)
x6(t+ 1)















=















0 0 0 0 0 322,38
0,966 0 0 0 0 0
0,013 0,010 0,125 0 0 3,448
0,007 0 0,125 0,238 0 30,170
0,001 0 0,036 0,245 0,167 0,863
0 0 0 0,023 0,750 0





























x1(t)
x2(t)
x3(t)
x4(t)
x5(t)
x6(t)
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